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An Analytic Series Solution for H-Plane
Waveguide T-Junction

Kyung H. Park, Student Member, IEEE, and Hyo J. Eom, Member, IEEE

Abstract—A solution for the H-plane waveguide T-junction is
obtained in analytic series form. A Fourier-Transform technique
is employed to express the scattered field in the spectral domain
in terms of parallel-plate waveguide modes. The boundary con-
ditions are enforced to obtain simultaneous equations for the
transmitted field. The simultaneous equations are solved to obtain
the transmission and reflection coefficients in simple series forms.
Comparisons between our solution and other existing results show
excellent agreements.

I. INTRODUCTION

HE PROBLEM of the rectangular waveguide T-junction

has been still considered by many investigators [1]-[3]
ever since Marcuvitz [4] first obtained the approximate solu-
tion based on the variational principle. The motivation of this
letter is to formulate the problem of scattering in the T-junction
waveguide using the Fourier transform, thus obtaining a series
solution in an analytic form. Using the Fourier transform and
the residue calculus, we obtain (2.8), (2.9), and (2.10), which
are the simple series representations for the transmission and
reflection coefficients in the next section. A brief summary of
the scattering analysis is given in the Conclusion.

II. REFLECTION AND TRANSMISSION COEFFICIENTS

The waveguide T-junction of the H-plane is shown in Fig,.
1. An electromagnetic wave Eil(z,z), which is transverse-
electric (TE) to the z-axis, is incident on the junction.
Here exp (—jwt) time factor is suppressed. Then, in region
(I)(—b < z < 0), the total electric field consists of the incident
and scattered fields Ei (z,z), which are, respectively, written
as

o1 Y O
Ey(z,z) = e’**"sink,,(z +b)

oo
By(w.2) = 1/(2m) [ By(Qsin(maz)e e,
where
= k7~ 2
s )
kes = B § : integer
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Since Hy(z,z) = —1(jwp)0E,/dz, the corresponding z
components of the incident and the scatiered H-fields are

-k
Hl(z,2) = —22e7%=® cos ki, b
o (2,2) o (z+9b)

-1

o |

Jwp
hade o}

K1

H‘.}:(Z}Z) = o

EL(() cos (k1 2)e™7"dC.

In region (D, (—a <z < a.z < —b) the total transmitted
field may be represented with a summation of parallel-plate
waveguide modes,

)
Elljl(xwz) = Z Cpp SIN am(x + a)e—jfmz7

m=1

2.1)

where

am = mmw/(2a)

Em =/ K2 —al,.

The corresponding magnetic field is
HY(z,2) = Z cmg—m Sin ap (2 + a)e™IEm7,
W
m=1

To determine unknown coefficient ¢,,, it is necessary to
match the boundary conditions of tangential E- and H-field
continuities. The tangential E-field continuity at z = —b
yields

I _ I
B(z, —b) —OEy (z, —b),

x| < a,
|z| > a.

Taking the Fourier transform on both sides of the previous
equation, we get

a

/E;(a:,—b)ejcwdx:/E;I(L—b)e’@dw.

—a

(2.2)

Substituting (2.1) into (2.2), and performing integration with
respect to x, we obtain

Ei(() sin (—r1b) =

O 7Emb
> Cm(ZTz”iAaz [ (-1)" —e7). 23)
m=1 "

)
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Fig. 1. Scattering geometry of H-plane waveguide T-junction.

Second, the tangential H-field continuity along (—a < z < q,
= —b) gives

Hy'(z = b,) + Hy(z, ~b)

/ K1 €OS (nlb)Ei(C)e_Jc"‘dC

—0o

o0
= Z em(—j€m)e?* ™ sin ap, (z + a).

m=1

= HaIcI(x7 ""b)

. 1
k. Fkes® =
25€ + .

2.4)

Substituting (2.3) into (2.4), we obtain

oo
J€mb
ks Am €
k,se’ - E Cp————— /m

—1)"eila _ gm26a] -
~cot(m1b)[( )CQ“a?zn }e e qe
=—j Z Cm&meSm P sin a (z + a).

m=1

In order to determine the coefficient c¢,,, we multiply the
previous equation by sin a,,(z + o) and integrate the both sides
with respect to x from —a to a, then we obtain

k2 zg_ar;2 [(-1)" elheet — C_Jkua]
i U fentand, (25
where _
Tnm = 7 K1 cot (Kk1b)
._[zo_l)meJCa — e—](ﬂ] [(—1)”64““ — ejCa]

(¢ = a2 )(¢? —af)
Utilizing the technique of the contour integration, we obtain

Inm = hm6nm + Tnm,

(2.6)
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when b = 2a(ky = 27/ X).
where
bnm :  Kronecker delta
By, = 2mwaln,

a2, tan (mb)

Tnm = Z
=1
—j47r(l7r/b)2 [1 — (_1)m612\/k§—(lw/b)2a]

o[ — (/o] 6 — (/0]

Substituting (2.6) into (2.5), we obtain the simultaneous
equations for ¢,,, which may be given as

'Q9=Q+PQ+P*Q+---, Q2.7

C=(U-P)

where C' is the column vector of elements ¢, U the identity
matrix, P the full matrix of elements p,.,, and @ the column
vector of elements of ¢,. The expressions of p,mand g, are

given as

_ —GpGp,Sin (E,b)eiemby

Pam = e |
_ kasansin (£n0) [(—1)"6“““ - e’]"’““]
" éna(kZ, — a})

Once c,, is determined, it is possible to evaluate the transmit-

ted and reflected fields as follows.
In region (I), the total scattered field is

El(z,2) /EI(C sin (k12)e 7% d(,
where
1 _ - —a’mejgmb 16a( __1\™ _ p—6e
FiQ =2 emgaroie —ay o 0" e
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By use of residue calculus, we evaluate total transmitted and
reflected fields at # = oo in region (I) such as

B (t00,2) = Z KZEsin k., (z + b)etoksve,
where
kb
1<o< 22 v : integer (1,2,3,---)
s
kzv = T

kpw = \/ K2 — k2,

.7 A z’ue]‘g ik m 412k
Ki: C___..__.__.__—e$.7xva__1 ___e]‘tva.
v Z m [ b _ @?n ) [ ( ) ]
Let the time-averaged incident, transmitted, and reflected
powers be denoted by P,, Py, P, and P, as shown in Fig.
1, then

m=Pa/P =1+ K|+ - LS kK 28

8 ysts
p=PifPi= > bl 29)
1o = P /P = ;a (2.10)
where
1<m« 297%, m : integer,
1< < '—“}r——b, v : integer.

We evaluate 11,72, and p for b = 2a and 1 < (k1b/7) < 2
in Fig. 2 and compare them with Fig. 4 in [2] (or Fig. 2 in
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[3]), thus confirming excellent agreements. We also evaluate
the phases of the scattering parameters as defined by (12a)
and (12b) in [2]. Our results are identical with Fig. 7 in [2] so
that we do not show the comparison here. Note that our results
used in the previous comparison satisfy the power conservation
check |1.0— (11 +72+p)| < 1076 when m = 6. Our
computational experience shows that the number of modes
m to be used for the evaluation of ¢, in (2.7) must be at least
2ak /w to achieve the numerical accuracy. This means that
the series expression ¢, given in (2.7) is very fast convergent
and numerically efficient.

III. CONCLUSION

The problem of waveguide T-junction of H-plane is an-
alytically solved. The Fourier transform method is used to
obtain the solution in a simple analytic series form. The
comparisons between ours and other existing results show
excellent agreements.
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